We derive correlation functions for fermions with a complex mass in BPST instanton backgrounds in the presence of a general vacuum angle. For this purpose, we first build the Green's functions in the oneinstanton background in Euclidean space through a spectral sum in terms of the eigenmodes for the massless case. While this is straightforward for a real mass term, an additional basis transformation among the massless modes of opposite eigenvalues is necessary for a complex mass term. We also construct the Green's functions in real time and relate this approach to recent developments on the theory of vacuum transitions in Minkowski spacetime. These results are then used in order to compute the correlation functions for massive fermions by summing over the background instantons. In these correlation functions, if the infinite-volume limit is taken before the sum over topological sectors, the chiral phases from the mass terms and from the instanton effects are aligned, such that, in absence of additional phases, these do not give rise to observable effects that would violate charge-parity symmetry. * wenyuan.ai@uclouvain.be †
Introduction
The anomalous violation of chiral fermion number through instanton and sphaleron transitions is a characteristic feature of the strong interactions, and for the weak interactions, it is likely to be of key importance for the generation of the baryon asymmetry of the Universe [1] [2] [3] [4] [5] [6] [7] . Upon the discovery of the Belavin-Polyakov-Schwartz-Tyupkin (BPST) instanton [3] , it was soon realized by 't Hooft that these instanton solutions can also solve the axial U(1) problem [8] , which queries why there is no pseudo-Goldstone boson associated with flavourdiagonal chiral rephasings-the η ′ is much heavier than the mesons in the octet. Although the Adler-Bell-Jackiw anomaly [1, 2] implies that the axial U(1) current is not conserved, it was believed for a while that the anomalous term vanishes when integrated over the whole spacetime because it is a total derivative. However, for the BPST instanton, the anomaly turns out to be nonvanishing globally, thus providing extra breaking for the axial U(1) symmetry and giving rise to the splitting of η ′ from the meson octet. The violation of chiral fermion number induced by instantons is typically suppressed by the tunneling exponent. At finite temperature, it is however possible to have thermal transitions instead of tunneling. These are described by the sphaleron, i.e. an unstable saddle point of the energy functional for the gauge fields [6] .
In the context of thermal field theory and since the instanton corresponds to a Euclidean saddle point solution, calculations are typically carried out using imaginary time. Nonetheless, the main phenomenological applications are within scattering theory or kinetic theory such that it is necessary to transfer the results to the real time of Minkowski space. This is generally possible through the analytic continuation of Green's functions. Nonetheless, it remains of interest to achieve a formulation directly in Minkowski spacetime because it would allow for a first-principle derivation of kinetic theory involving instantons, e.g. in the Schwinger-Keldysh formalism [9, 10] , or a more systematic treatment of fermions that are not of the Dirac type, e.g. in chiral gauge theories. A real-time approach would also serve as a check for the correct interpretation of the analytically continued quantities. In view of this, we also discuss in this paper some details on the correlation functions in Minkowski spacetime.
Real-time calculations are typically only feasible when expanding about a saddle point of the action. However, there is no saddle for the action in Minkowski spacetime that would correspond to an instanton configuration. The saddle is recovered when extending the path integral over the degrees of freedom of the bosonic fields into the complex plane and deforming the integration contour. Convergent integration contours that go through the saddle of interest can be found using Picard-Lefschetz theory [11] which has found a number of applications and further developments e.g. in Refs. [12] [13] [14] [15] [16] [17] . Effects from the chiral anomaly for real background fields in Minkowksi space are calculated e.g. in Refs. [18] [19] [20] .
Technically, it is advantageous to derive the Green's function for fermions from a spectral sum because this way, the contribution of modes that account for the chiral anomaly, i.e. the zero modes in the massless limit, is readily isolated [4, 5, 21, 22] . Given the spectrum of the massless Dirac operator in the instanton background, this construction is straightforward for the case of a real mass term in Euclidean space. Assuming the mass acts as a perturbation to the eigenspectrum, it is also obvious how to insert a complex mass into the zero-mode contribution to the Green's function. Nonetheless, to the best of our knowledge the explicit form has not been reported thus far. In Section 2.1, we therefore note this result along with some well-known generalities about analytic continuation of the problem. We focus for simplicity on setups with Dirac fermions in the fundamental representation of the gauge group, as in quantum chromodynamics. It is less clear how to construct the spectral sum in Euclidean space in the presence of a complex mass that cannot be treated as a small perturbation. This is because of the occurrence of γ 5 , the complex mass term is not proportional to an identity matrix. In Section 2.2, we show that the spectral sum can be built in terms of the eigenfunctions of the massless Dirac operator after an additional orthogonal transformation among the pairs of modes with opposite eigenvalues. As for the eigenmodes, there is a complication in the analytic continuation because the improperly normalizable Euclidean continuum modes will in general not be normalizable when evaluated in real time [15] . In Section 2.3, we therefore show that the spectral sum can be made up from the eigenmodes of the Dirac operator directly in Minkowski spacetime, which requires discussion because this operator is non-Hermitian. Having reported the results for fermion Green's functions with complex masses, i.e. nonzero chiral phase, we proceed in Section 3 to derive correlation functions, starting with two-point functions in a theory with a single fermion. The correlation functions do not trivially coincide with the Green's functions because in the path integral, the sum over the number of individual instantons as well as the integral over their locations are yet to be carried out. We observe that for a given number of instantons with positive and negative winding numbers, chiral phases from the fermion determinant as well as from the θ-vacuum of the gauge theory multiply all structures-left and right chiral contributions as well as pieces corresponding to the homogeneous background between instantonsby the same factor. Because of the boundary conditions on the gauge field, the integration over the infinite spacetime volume must then be carried out for configurations with fixed total winding number. Thus, after the summations and integrations, the chiral phase of the mass term is aligned with the phase associated with the chirality-violating effects of the instantons. Analogously, when considering higher-point correlation functions in theories with several flavours and complex mass terms, the θ-angle drops out of the final result. Concluding remarks are left in Section 4.
2 Green's function for fermions in one-instanton background in Minkowski space
Analytic continuation of the instanton solutions and fermion fluctuations between Euclidean and Minkowski space
We discuss here some generalities of the continuation of the instanton solution, the Dirac operator and its Green's function between Euclidean and Minkowski spacetime. For definiteness, we consider Dirac fermions in the fundamental representation in the background of SU(2) BPST (anti-)instantons. We construct the fermion Green's function by regulating the divergence from the fermion zero-mode by a mass term with a nonzero chiral phase. While such a phase can straightforwardly be inserted into the well-known results for the Green's function e.g. from Ref. [21] , the explicit discussion of this matter serves us to introduce the general context as well as some notation.
In four-dimensional Euclidean space, the BPST instanton solution with winding number k = −1 is given in terms of the vector potential (when setting the collective coordinates corresponding to the location of the instanton to be zero)
and the expression for the k = +1 is obtained when replacing σ µν →σ µν , where we use the Euclidean tensors
Here we follow the notation of Ref. [23] where the generators for SU(2) are chosen as T a = τ a 2i such that D µ = ∂ µ + A µ , different from taking T a = τ a 2 and D µ = ∂ µ − iA µ , where τ a are the Pauli matrices. The Euclidean Dirac matrices are given by
We parametrize the continuation of Euclidean time to complex values as (cf. Ref. [15] )
where t is a real parameter. Then, for ϑ = π/2, t is just Euclidean time whereas for ϑ = 0 + , it corresponds to Minkowskian time. For this fixed value of ϑ, we therefore define the Minkowski-space coordinates as
With this parameterization, all equations of motion as well as their solutions do in general depend on ϑ. The ϑ-dependent instanton solutions for the gauge fields can be simply obtained by substituting the parametrized complex time into Eq. (1) or the corresponding solution for k = +1. In particular, the solutions in Minkowski spacetime are thus obtained when taking ϑ = 0 + . While we use a superscript "M" to indicate the quantities in Minkowski spacetime, we use the same notation for either Euclidean quantities (with fixed ϑ = π/2) or general ϑ-dependent quantities. The specific meaning should be clear in the context. One should note that when recasting expressions in terms of Minkowskian metric tensors (e.g. −δ µν → η µν ≡ diag(1, −1, −1, −1)) and Dirac matrices, it is natural to define
When expressing A µ = (−iτ a /2)A a µ , this implies however that the components A Ma µ when evaluating it for the k = −1 instanton solution (Eq. (1)) for ϑ = 0 + are in general complex. Since the physical fields A Ma µ are real however, a deformation of the integration contour of the path integral is required in order to capture the analytically continued solution that then constitutes a complex saddle point. In Ref. [15] , it is derived how to evaluate the fluctuations on the deformed contours using Picard-Lefschetz theory, which would have to be applied here in order to deal with the fluctuations of the gauge field. The saddle point for the fermion field is still given by the vanishing field configuration.
In chiral representation the Dirac matrices for Minkowski spacetime are given by γ M0 = γ 4 and γ Mi = iγ i for i = 1, 2, 3 .
The Minkowskian Dirac operator is then obtained from the Euclidean one by evaluating the latter for ϑ = 0 + :
where γ M · ∇ ≡ i γ Mi ∂ i and accordingly for γ M · A M . We can generalize this continuation such as to include a complex mass me iα ≡ m R + im I , resulting in
On the right-hand side, we recover the standard Dirac operator for a massive fermion in Minkowski spacetime. It is a non-Hermitian operator leading to a Lagrangian term that is however Hermitian when sandwiched between ψ = ψ † γ M0 and ψ and when A Ma µ is real. As noted above, the latter condition is not met for the complex saddle corresponding to the instanton.
When including a complex fermion mass, the Euclidean Green's function S(x, x ′ ) satisfies
The most straightforward way of constructing it is from the spectral sum in the massless limit. It is constituted by the solutions to the eigenvalue problem
as
Since the Euclidean Dirac operator / D is anti-Hermitian, its eigenfunctions can readily be assumed to be orthonormal and Eq. (10) be immediately verified. Yet, Eq. (12) is ill-defined because of the fermionic zero mode λ = 0 in the instanton background. A small complex mass term can serve as a regulator because at first order in perturbation theory, one obtains for fermions in the fundamental representation of the gauge group in the k = −1 instanton background [21] S(x,
From Eq. (9), it then follows that we may analytically continue this solution as
where we identify x and t in the components of the four-vectors given in Eqs. (4) and (5) . This Minkowski-space Green's function approximately solves the equation
Note however that, as it is elaborated upon in Section 2.3, it is not straightforward to show that this analytic continuation has a well-defined spectral representation in terms of (im)properly normalizable eigenfunctions of the Dirac operator in Minkowski spacetime [15] . A mass term with a complex phase can thus be perturbatively included in the leading contribution to the Green's function that corresponds to the zero modes in the massless limit. Nonetheless, since the Euclidean Dirac operator for a massive fermion with a general chiral phase is not of definite Hermiticity, it remains of interest whether such a spectral sum in terms of orthonormal eigenfunctions is also possible for a complex mass term without resorting to perturbation theory around the massless configuration, which is what we discuss in the following section.
Complex fermion mass in Euclidean space
When evaluated at ϑ = π/2, the Euclidean operator on the left-hand side of Eq. (9) has the following properties in certain simplified cases. For m = 0, it is is anti-Hermitian, while for m I = 0, it is "γ 5 -Hermitian", i.e.
When using the eigenmodes ψ λ from the massless problem (11), (still for ϑ = π/2) in the presence of a real mass, these still lead to eigenmodes with the eigenvalues
Hence, since the real mass term is proportional to the identity matrix in spinor space, a spectral sum can be computed in terms of the same basis vectors as for the massless case. Moreover, ψ λ and γ 5 ψ λ are orthogonal for λ = 0 because they correspond to different eigenvalues of the anti-Hermitian operator / D. For a complex mass term, where in addition m I = 0, it it is less obvious that a spectral sum can be constructed in terms of the massless eigenmodes because the mass term is no longer simply proportional to an identity matrix in spinor space. Nonetheless, this can still be accomplished with an additional basis transformation among the pairs ψ λ and γ 5 ψ λ . To see this, we note that for a given pair of massless eigenmodes ψ λ and γ 5 ψ λ (λ = 0), the Dirac operator takes the matrix form (in terms of 2 × 2 blocks)
The eigenvalues of this matrix are
and the normalized eigenvectors are
The spinors ψ ′ ξ± are pairwise orthogonal, which can be checked explicitly when making use of the fact that / D is anti-Hermitian such that λ is purely imaginary. Since the zero mode ψ 0 is chiral, it is still an eigenfunction for the Dirac operator when a complex mass is added. Altogether, we still have an orthonormal system such that the Green's function in the k = −1 instanton background is given by
In addition, we note that λ 2 − m 2 I < 0, such that the coefficients of ψ λ and γ 5 ψ λ in Eq. (20) have the same phase. The basis transformation is thus orthogonal, up to an arbitrary overall phase. Hence, ψ ′ ξ± are also eigenvalues of the Hermitian conjugate operator
with eigenvalues ξ * ± because the above operator acts on the pair ψ λ and γ 5 ψ λ as the complex conjugate of the operator in Eq. (18) . (If the coefficients of ψ λ and γ 5 ψ λ had not the same phase, the coefficients would have to be complex conjugated in order to obtain the eigenvectors of the complex conjugate matrix.)
The anomalous divergence of the chiral current can now be straightforwardly verified. We first note that
Note that the according relation also holds for the zero mode ψ 0 (x). The trace is understood to run over the spinor indices, and we have substituted the eigenvalues of the massive Dirac operator and its Hermitian conjugate as discussed above. Substituting this into Eq. (21), we indeed obtain
We note that the second term on the right-hand side vanishes because the trace of γ 5 over the nonzero modes is not anomalous. The first term on the right gives the usual anomaly upon integration over spacetime: For a k = ±1 background with a right (left)-handed zero mode, one gets a change of chirality by ±2 units. The last term in Eq. (24) reproduces the classical divergence of the current. A consequence of the previous spectral decomposition is that the phase of the determinant of the operator / D + m R + iγ 5 m I is entirely determined by the zero modes of / D. For a k = ±1 instanton background with a right(left)-handed zero mode one has
where we have used the fact that the λ are purely imaginary. As a consequence, we can write
Complex fermion mass in Minkowski spacetime
While there is no obstacle in continuing the Euclidean Green's function to Minkowski spacetime, we explicitly discuss the solution to Eq. (15) in terms of a spectral sum in order to exhibit the effect of the instanton transition on the fermions in real time. The corresponding eigenvalue equation is
For a configuration of real A Ma µ , when multiplying by γ M0 , the operator on the left-hand side is Hermitian such that the eigenmodes are orthogonal and moreover, the spectrum is real. Since the complex instanton saddle in Minkowski spacetime is not real however, we cannot make use of arguments based on Hermiticity. As the Dirac operators in Euclidean and Minkowski space are related by analytic continuation in the time variable (here parametrized through the phase ϑ, cf. Eq. (9)), the same holds for solutions to the eigenvalue equations. However, only the analytic continuation of the properly normalizable modes in Euclidean space can be assumed to remain properly normalizable in Minkowski spacetime. This is because Euclidean normalizability guarantees a fast decay of the analytically continued modes at infinity in the complex plane, and then the Cauchy theorem relates the Euclidean norm to its Minkowskian counterpart. This does not hold for the improperly normalizable continuum modes, because they do not decay at infinity in the complex plane, which precludes the equivalence between the Euclidean and Minkowskian norms. The corresponding modes in real time can be found by analytic continuation of the the parameter describing the asymptotic behaviour of the solutions in the infinite past or future, in addition to the continuation of time [15] . As shown in the former reference, such a construction of Minkowskian modes for the continuum and discrete spectrum gives a collection of eigenfunctions which, despite the lack of Hermiticity of the differential operator that defines the modes, remain orthogonal, and moreover define a complete set. These two properties allow for a spectral decomposition of the Minkowskian Dirac operator, and correspondingly for its associated propagator:
An explicit discussion of the analytic continuation of the continuum spectrum of fermionic and bosonic excitations about instantons would therefore be of interest in the future. To this end, we only comment on the fermion zero-mode, that is normalizable in the proper sense and accountable for the effects from the chiral anomaly. For m = 0, the eigenvalue equation (27) is related to the corresponding expressions in Euclidean space as Finally we note that when reintroducing a mass term with a chiral phase as i . We refer to the eigenfunctions for these eigenvalues of smallest absolute value for k = −1 as
and u αa = ε αa . These are left chiral, i.e.
are the chiral projectors. Assuming that these modes dominate the contributions to the Green's function in the k = −1 instanton background close to its centre x M 0 , we thus arrive at the approximation
which captures the dominant contributions from both, close to the centre and far away from it. Here, iS M cont (x M , x M′ ) is the contribution from the continuum spectrum and
is the propagator in the trivial background with vanishing gauge fields. Furthermore, we have explicitly inserted the dependence on the translational coordinates x M 0 of the instanton. Noting that iS 0inst has a spectral decomposition purely in terms of continuum modes and that iS 0inst (x M , x M′ ) ≈ iS(x M , x M′ ) for |x M 2 |, |x M′ 2 | ≫ ρ 2 is an approximation to the Green's function in the instanton background that is valid at large distances from the centre of the instanton, explains the last equality in Eq. (31). In Eq. (32), we have chosen the ǫ-prescription corresponding to the Feynman propagator, while of course also other boundary conditions are of interest, e.g. in view of applications within the Schwinger-Keldysh formalism. The Fourier integral can be straightforwardly evaluated, while the explicit result is not relevant to this end. The solutions ψ 0R in the k = +1 instanton background follow from the k = −1 case by switching the chiral block of the zero mode in Eq. (30), using the resulting right-handed zero mode in Eq. (31), and replacing α → −α. For a background consisting of a dilute gas of n instantons andn anti-instantons with centers x M 0,ν , x M 0,ν , the propagator can be approximated again by the ordinary contribution plus a sum over the zero-mode contributions of the instantons and anti-instantons:
To end this section, we may note that, using the results of Ref. [15] , 
where Θ is independent of α. The complication of a T -dependent phase, which arises from the contribution to the determinant of the continuum modes [15] , can be avoided by normalizing the path integral by its result in the trivial topological sector, as this will cancel the contribution from the continuum.
Correlation functions for fermions
In this section we consider correlation functions for massive fermions with chiral phases. We first derive the two-point correlator in a theory with a single fermion and after that, we generalize the result to the cases of multiple fermions and higher-order correlators. For fluctuations about a given classical background-or about a saddle point on a certain complexified contour of path integration, the Green's function can be identified with the leading order approximation to the two-point correlation function. In the case of the vacuum of a non-Abelian gauge theory, the correlation function is to be computed by summing over contributions coming from fluctuations around backgrounds from different topological sectors, i.e. of different winding number. In a dilute instanton gas approximation, such backgrounds are described by configurations with all possible numbers of (anti-)instantons, with arbitrary locations in spacetime. The required summation can be carried out along the lines of Ref. [24] , though here we will track explicitly the factors of spacetime volume, rather than using instanton densities (which may be phenomenologically more accurate). For definiteness, in this section we work in Minkowski spacetime and will drop the superscripts "M" to clean up notation. In a theory with a single massive Dirac fermion, the two-point correlation function is given by
where S is the Minkowskian action and Z the partition function. In order to relate this to the previously obtained Green's functions in a one-(anti-)instanton background, we denote the numbers of k = −1 and k = 1 instantons in the spacetime volume V T under consideration byn and n, respectively. The total winding number of a given background is ∆n = n −n, and consequently configurations with different values of ∆n have different boundary conditions for the gauge field configuration. These therefore lead to separate contributions to the path integral. In order to add up these pieces to obtain the partition function or an observable, we need to take into account the fact that the vacuum state is a superposition of configurations with all topological charges or Chern-Simons numbers, i.e. (up to an irrelevant normalization factor) |vac = nCS |n CS .
(36)
Here, |n CS is a state with a fixed Chern-Simons number. Note that the vacuum angle θ does not explicitly appear here since we choose to absorb it in the topological Lagrangian term θFF /(16π 2 ), where F denotes the field strength tensor of the gauge field andF its dual. It is easy to see that the following arguments do not rely on whether the phase is attributed to the state |vac or to the Lagrangian. We choose the latter option such as to simplify notation. There are then distinct path integrals with different boundary conditions for each winding number ∆n = n−n contained in the spacetime volume. This is because in regular gauge, the integral over the topological term is determined by the configuration of the gauge field at infinity, where the boundary conditions are imposed. It also implies that the individual contributions must be evaluated in the limit V T → ∞. We therefore consider these pieces separately. For a two-point fermionic correlation function, we have to evaluate then the contributions
Here, |n in/out are Heisenberg states at times ∓T /2, with well-defined Chern-Simons number. DAn ,n stands for the restriction of the path integrals to fluctuations about the configuration withn instantons with k = −1 and n with k = +1, x µ 0,ν and x µ 0,ν are the locations of the centres of these instantons, i.e. the collective coordinates associated with their translational zero modes, and the classical Euclidean action is S E = 8π 2 /g 2 (before adding the topological term). Note that the classical action for the ϑ-dependent instanton solution is however ϑindependent, i.e. iS[A ϑ ] = −S E [A], cf. Ref. [15] . This is also assumed for the topological contribution to the action. The collective coordinates corresponding to dilatational and gauge-orientation zero modes are integrated through dΩν ,ν , and Jν ,ν are the Jacobians that arise when trading the zero modes for collective coordinates, which are derived for Euclidean space in Refs. [5, 25] . For the path integral in Minkowski spacetime, the Jacobians are purely imaginary because of the analytic continuation of the collective coordinate corresponding to time-translations [15] . Finally, det ′ A is the functional determinant of the gauge and ghost fields, and the determinants are understood to be renormalized. The prime on the determinant indicates that factors from zero eigenvalues have been deleted. For the fermionic determinants around each (anti-)instanton we have used Eq. (34). In regards to the bosonic fluctuations, one can use here the results of Ref. [15] , which show how the integral over the bosonic fluctuations on a thimble (i.e. an appropriately chosen contour for the bosonic path integral) about an analytically continued complex saddle, when the zero modes are separated, is related to the functional determinant evaluated at the corresponding Minkowskian saddle. The combinatorial factor 1/(n!n!) is due to the fact that exchanging any two locations x 0,ν or x 0,ν results in the same configuration. Finally, θ is the vacuum angle of the gauge theory under consideration. The contribution Z ∆n from the configurations with ∆n to the partition function, that is necessary for normalization, is computed as in Eq. (37), just with the factor ψ(x)ψ(x ′ ) deleted from the integrand:
Here, we have carried out the spacetime integrals over the instanton locations, resulting in powers of the spacetime volume. Since we are considering here real time, ∆n can be interpreted as the net change in Chern-Simons number over the time T , i.e. each path integral associated with ∆n corresponds to a transition between states with Chern-Simons number m and m + ∆n, as suggested by the notation in the first line of Eq. (38).
In order to evaluate the fermion correlation (37), we first notice that for dilute instantons in a fixed configuration, as discussed around Eq. (33), the correlation agrees with its form in the zero-instanton background almost everywhere, except near the locations of the anti-instantons and instantons. Now for fixed x and x ′ , each spacetime integral dx 0,ν and dx 0,ν sweeps over the point (x + x ′ )/2 once, thus leading ton contribution with k = −1 and n with k = +1. For a single of these integrals, e.g. for the location of a k = −1 instanton, this yields anomalous terms of the type
where the dots represent the contributions to the propagator from the zero modes of the (anti)-instantons whose centres were not integrated over (see Eq. (33)), and h(x, x ′ ) is defined as a block-diagonal matrix (with two identical blocks) satisfying
Unfortunately, we do not find an analytic expression for this matrix-valued function that depends on the invariant distance (x − x ′ ) 2 only. Note though that this function is independent of V T as we take this spacetime volume to infinity. The overlap integral h(x, x ′ ) as defined above depends on other collective coordinates of the instanton, e.g. the scale ρ. As such, insertions of h(x, x ′ ) do not factor out of the integration over the collective coordinates. We choose then to approximate h(x, x ′ ) by its average over the collective coordinates, defined as
This approximation allows to carry out all spacetime integrals over the instanton locations and collective coordinates. Neglecting contributions for which two or more of these locations coincide, the result is
and I α (x) is the modified Bessel function. Correspondingly, the contributions to the partition function are found to be
The total partition function, given by the transition amplitude from the vacuum |vac onto itself, is given by
Correspondingly, the fermion correlator in the vacuum (36) is given by
We have used here the limit lim x→∞ I ∆n (ix)/I ∆n ′ (ix) = 1. The arguments of the modified Bessel functions are taken imaginary because J and hence κ are purely imaginary in Minkowski spacetime. The limit however holds for real arguments as well such that the steps presented here can also be applied in Euclidean space. Note that the fermion determinant contains a leading factor m that cancels with the explicit occurrence of m −1 and recall that the determinants in this expression are understood to be renormalized. The ordering of the limits follows from the fact that the winding numbers are only well-defined in the limit V T → ∞. It is also of crucial relevance for the form of the final result because if we were not taking V T → ∞ first, we would instead obtain n,n≥0
Analogously, taking the V T → ∞ limit in the end, the total partition function would be Z → n,n 1 n!n! (κV T )n +n e −i(n−n)(α+θ) = e 2κV T cos(α+θ) .
For the two-point function, we see that different phases are multiplying the left and right anomalous terms when compared to Eq. (46). One may notice here that in the limit |∆n| ≪n + n, which gives the dominant contributions to the binomial distribution for V T → ∞ [24] , there are no relative chiral phases between the anomalous terms involving h and the term containing iS 0inst (x, x ′ ). This would indicate that any CP -violating contribution from a background with |∆n| ≪n + n, that can e.g. be measured by an observer in the same background, is suppressed by the volume. The fact that in Eq. (47) the CP -violation is enhanced follows from a cancellation of phases that is a consequence of the exchange of limits in Eq. (46). We comment on the relevance of the different phases appearing in Eqs. (46) and (47) in the following. We observe that in Eq. (46) the chiral phase multiplying the anomalous term proportional toh is the same as the one that appears together with iS 0inst (see Eq. (32)). Furthermore, the anomalous term has the expected exponential suppression compared to the contributions corresponding to regions that are not influenced by the instantons. As a consequence, this correlation function does not exhibit CP violation. The instanton effects are often approximated in terms of an effective operator [4, 5] , which in our case, based on Eq. (46) reads
where Γ is a real number that can in principle be inferred from Eq. (46), in particular after an appropriate treatment of the dilatations, where the symmetry is broken radiatively. This corresponds to an effective mass with a chiral phase that is aligned with the one in the Dirac operator (9) . As a consequence, when using the operator (49) together with the Dirac mass in order to build an effective theory valid below the scale of chiral symmetry breaking, there is only one CP -odd phase that can be removed by a field redefinition. This is to be compared with what one would infer from Eq. (47),
Here, the difference between the phase −θ and the phase α from a perturbative insertion of the mass m in a fermion line would indicate a CP -odd phase that cannot be removed by a field redefinition. We emphasize that for Eqs. 
where β is the parameter of the transformation. The previous selection rule is usually invoked as a justification of an effective operator involving the θ parameter as in Eq. (50); however, this is not the only possibility, and the result of (49) is equally compliant with the selection rule. We stress again that, given our results for the fermionic fluctuation determinants, our expressions capture the full dependence on the chiral angle α. It can also be observed that while Eq. (46) shows that the breaking of the axial U(1) symmetry due to the fermion mass is enhanced by the effect of the instantons in a way that is independent of the absolute value of the mass, this still leaves open the question of how the correlations and the low-energy effective theory behave in the massless limit. The previous conclusions can be extended to correlation functions in theories with more fermion flavours. In a theory with N f Dirac fermions ψ j , j = 1, . . . , N f , in the fundamental representation of the gauge group and with complex masses m j e iαj γ5 , one can consider correlation functions of the form
where σ = {σ(1), . . . , σ(N )} is a set containing N flavour indices (e.g. the list of all indices, a subset thereof, or other variants), and we have not specified spacetime indices or the different possible Lorentz contractions in order to simplify the notation. As before, we construct the correlation function by summing over contributions from topological sectors with fixed winding number ∆n:
whereᾱ denotes the argument of the determinant of the fermionic mass matrix,
where Θ j is defined for each flavour in analogy with Eq. (34). The partition functions Z ∆n , on the other hand, are now given by
where we partly abbreviate the factors in the round bracket by κ N f . Using propagators of the form of Eq. (33) and approximating nontrivial integrals over the translational coordinates x 0,ν , x 0,ν by their averages over the remaining collective coordinates, as in Eqs. (40), (41), we have the following types of contributions:
• terms with only propagators as in the zero-instanton background,
• "diagonal" terms, which are obtained by summing over terms in which all zero modes correspond to a common (anti-)instanton,
• "off-diagonal" contributions which mix zero modes from different (anti-)instantons.
For contributions with only propagators as in the zero-instanton background, the integrals over the centres are trivial and simply lead to Z ∆n j iS σ(j),0inst , so that the ensuing contributions to the full correlator are simply given by products of these propagators. The "diagonal" contributions involve overlap integrals over varying numbers of zero-modes of a single (anti-)instanton. When summing over (anti-)instantons, one always gets a factor of n (n), exactly as in the two-point function case analyzed before, resulting in contributions that go schematically as (for the case of instantons)
In this equation σ p/q = {σ p/q (1), . . . , σ p/q (p/q)} are subsets of the set σ defined above, with p + q = N , σ p ∪ σ q = σ. P Rσq (j) are right-handed projectors for the flavour σ q (j), whileh q denotes a generalized tensorvalued overlap integral constructed from a product of q instanton zero-mode projectors, averaged over the collective coordinates of the instanton. As before, when computing contributions to the fermion correlation by taking the infinite volume limit, summing over ∆n and dividing by the partition function, the phases proportional toᾱ + θ drop out, and one ends up with contributions to the correlator of the form
As in the single-flavour case, all the phases of the correlators are determined by the chiral phases in the mass matrices, and similar results hold for the diagonal anti-instanton contributions. The contributions to the correlators can be captured by effective operators whose α j -dependent phases are in accordance with the generalization of the selection rule of Eq. (51) for N f flavours, which reads
In particular, the 't Hooft interactions with N f flavours induced by (anti-)instantons correspond to diagonal contributions to correlators with N = N f pairs of fermions, p = 0 and q = N f , with the resulting effective vertices having the form
Note how the dependence on the chiral phases is such that all of these can be removed by the same redefinitions that get rid of the phases in the tree-level mass terms. Once again, had we done the summation over ∆n before taking the infinite volume limit, we would have obtained different phases, withᾱ replaced by −θ. For these 't Hooft interactions, the q = N f factors of m −1 σq(j) in Eq. (58) are canceled with the factor of N f j=1 m j associated with the fermionic zero modes implicit in κ N f ∝Θ. Diagonal correlators with p = 0 but N < N f yield additional interaction vertices with fewer fermions, higher powers of m i and phases compatible again with the selection rule, confirming the symmetry arguments put forth for example in the context of SU(2) instantons in Ref. [26] . Finally, the off-diagonal terms involve contributions to the fermionic propagators coming from different instantons. These can be classified according to the number of different (anti-)instantons involved and the number of propagators corresponding to each (anti-)instanton. Each class has an associated combinatorial factor for the number of terms in the class contained in the product of fermion propagators of the form of Eq. (33). For example, as we have seen, the diagonal class of single-(anti-)instanton contributions has an associated combinatorial factor of n(n). Now for the off-diagonal term, suppose we consider a class where m different instantons are involved. This amounts to m combinations from a set of size n and gives a combinatorial factor n!/(m!(n − m)!). In this case the integrals over the translational collective coordinates give now contributions proportional to n,n≥0 n−n=∆n
Since κ N f ∝ e −SE , we see that these contributions have a higher suppression factor and are expected to be subdominant. Nevertheless, taking the limit of V T → ∞ before summing over ∆n and dividing by the partition function, the dependence on θ drops from the corresponding contribution to the correlator. Analogous results hold for other contributions involving anti-instantons, or mixed instantons and anti-instantons: In general one obtains Bessel functions multiplied by extra factors of κ N f and inverse powers of V T . This makes the terms subleading but also in such a way that the θ-dependence disappears from the final contributions to the correlators.
Conclusions
This paper reports three main results. First, we show how the Green's function for a fermion in an instanton background can be constructed in terms of a spectral sum. While this is trivial e.g. for the case of a fermion with real mass in Euclidean space, the case with a complex mass as well as the Green's function in Minkowski spacetime require a more detailed discussion because the Dirac operator then does not have definite Hermiticity properties and the mass term is not proportional to an identity operator in spinor space. In Euclidean space, we find that the spectral sum can be constructed in terms of the eigenfunctions of the massless Dirac operator after an additional orthogonal transformation between the massless eigenvectors of opposite eigenvalues. Using the results of Ref. [15] , we have argued that the spectral sum can also be carried out in Minkowski spacetime, despite the fact that the Dirac operator does not have definite Hermiticity even when multiplied by γ 0 because of the complex field configuration corresponding to the instanton saddle. The former results also allow us to explicitly verify that the Green's function has the correct structure that is expected from the anomalous violation of the chiral current.
The second main result is that the dependence of the determinant of the Dirac operator on the chiral phases of the fermion masses only arises from the contributions of the zero modes. This is valid for both Euclidean and Minkowski space.
Finally, we have used the fermionic Green's function in an (anti)-instanton background in order to calculate correlation functions for fermions in multi-instanton backgrounds. For the case of the two-point function in a model with a single flavour, the result (46) shows that there is no relative phase between the mass term and the term associated with the anomalous violation of chiral symmetry. When the correlation function (46) is substituted for fermion lines in an expansion in terms of Feynman diagrams, no CP -violating results follow unless additional CP -odd phases are added to the theory. We have discussed that in order to arrive at Eq. (46), care has to be taken of the correct order of integrating over infinite volume and summing over the number of instantons up to infinity: The spacetime volume has to be taken to infinity for each path integral with boundary conditions determined by a fixed winding number ∆n. The results for the two-point function have been extended to higher-order correlators in the presence of multiple flavours, where again the dependence on the θ-angle drops out of the final result, and the effective interactions associated with the correlators-including the usual 't Hooft interactions-end up depending on the chiral phases of the complex masses in a manner compatible with the selection rule imposed by the chiral anomaly. Again, CP violation does not ensue in the absence of additional CP -odd phases.
We emphasize that the results for the correlation functions presented here hold for massive fermions and leaves open the question of the behaviour in the massless case. The fact that taking the limit m → 0 in e.g. Eq. (46) depends on the phase α requires further investigation. In particular, it may be indicated to carry out calculations on multi-instanton effects on the Green's functions in the presence of a chiral phase. Furthermore, it would be interesting to investigate whether the results for the chiral phase in the correlation function have a bearing on the CP -odd phases that appear in the low-energy effective theory.
